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1. Introduction
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Motivation
Ordinary generating functions may be adapted to finding moments of distributions.

a, = “the number of objects in S with
exactly n properties”

§S=1{0y,...,0n}
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Generating Functions

» The average number of properties that an object in S has is 1 = %, >y nap

» The standard deviation is given by o = \/1N Somo(n—p)?an
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Generating Functions

» The average number of properties that an object in S has is 1 = 1N >y nap

» The standard deviation is given by o = \/1N Somo(n—p)?an

If we are lucky enough “to know” f(x) = >~ ° , a,x". Then we can compute 1 and o by
means of operations with f, f’, and f”.
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Generating Functions

» The average number of properties that an object in S has is 1 = 1N >y nap

» The standard deviation is given by o = \/1N Somo(n—p)?an

If we are lucky enough “to know” f(x) = >~ ° , a,x". Then we can compute 1 and o by
means of operations with f, f’, and f”.

Applications of generating functions (H. S. Wilf, Generatingfunctionology, 1990)

(x)
f(x)

V’u:

x=1

> o = /(1og((x)))’ + (Iog((x)))"

x=1
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D-Finite Functions
What is meant by knowing a function?

Teguia Tabuguia MPI MiS SIAM AG23 D-Algebraic Functions 07/2023 7/26


https://www.mis.mpg.de/
https://www.siam.org/conferences/cm/conference/ag23?_ga=2.42204070.2071523891.1687858330-2026413993.1683809659

D-Finite Functions
What is meant by knowing a function?

Holonomic or D-finite representation

ca(X) FD(x)+ -+ c(x) fO(x)=0, deN,cg,...,co € K[x],cqg#0
f(x0), ..., 9 D(x0), x0 € K.

In higher dimension, one studies holonomic systems with D-modules techniques
(Satterlberger and Sturmfels, 2019; Koutschan Ph.D. thesis, 2009).
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D-Finite Functions
What is meant by knowing a function?

Holonomic or D-finite representation

ca(X) FDX) + -+ co(x) FO(x) =0, deN,cyg,...,c0€K[x],cqg #0
f(x0), ..., 9 D(x0), x0 € K.

In higher dimension, one studies holonomic systems with D-modules techniques
(Satterlberger and Sturmfels, 2019; Koutschan Ph.D. thesis, 2009).

Example
> The Gatalan number Cy: C3 =5 = ((())) O(0) 000 (OO (O0)

1= V21X_4X = >0 Cnx". One can deduce C, with FPS.

» Manuel Kauers and Peter Paule, The Concrete Tetrahedron, 2011.
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D-Finite Functions
What is meant by knowing a function?

Holonomic or D-finite representation

ca(X) FDX) + -+ co(x) FO(x) =0, deN,cyg,...,c0€K[x],cqg #0

f(x0), ..., 9 D(x0), x0 € K.

In higher dimension, one studies holonomic systems with D-modules techniques
(Satterlberger and Sturmfels, 2019; Koutschan Ph.D. thesis, 2009).

Example
> The Gatalan number Cy: C3 =5 = ((())) O(0) 000 (OO (O0)

1= V21X_4X = >0 Cnx". One can deduce C, with FPS.

» Manuel Kauers and Peter Paule, The Concrete Tetrahedron, 2011.
> If f := sin, then log(f), & and (log(f))" are not D-finite.
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D-Algebraic Functions

“Natural definition”

A function f := f(x) is said to be differentially algebraic (or D-algebraic) if there exist
n € N, and a polynomial P € K[x, yo, - .., ¥a] such that

2 (x,yo =f(X),...,¥n= f(”)(x)> =0. (2)
The differential equation resulting from (2) is called Algebraic Differential Equation (ADE).

We focus on operations with (arbitrary) solutions to ADEs. See [van Der Hoeven, 2019]
for initial conditions.
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D-Algebraic Functions
“Natural definition”

A function f := f(x) is said to be differentially algebraic (or D-algebraic) if there exist
n € N, and a polynomial P € K][x, yo, - . ., ¥n] such that

P (x,yo — F(X), .. Yo = f(”>(x)) — 0! 2)
The differential equation resulting from (2) is called Algebraic Differential Equation (ADE).
We focus on operations with (arbitrary) solutions to ADEs. See [van Der Hoeven, 2019]

for initial conditions.
Example

log(sin), &, and (Iog(sin))" are D-algebraic and satisfy the ADEs
> (xX)+(F(x))?+1=0,
> f(x)+ (f(x))?+1=0,and

> (f(x))%+ 4 (f(x))® + 4 (f(x))? = 0, respectively.
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Operations for D-Algebraic Functions
Theorem

The set A of D-algebraic functions is a field. Moreover, A is closed under composition,
taking functional inverse, and taking derivatives.

Details proofs can be found in [Ait EI Manssour, Sattelberger, and T., 2023]. Other
references include [van Der Hoeven, 2019, Bernardi et al., 2020].
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Operations for D-Algebraic Functions

Theorem

The set A of D-algebraic functions is a field. Moreover, A is closed under composition,
taking functional inverse, and taking derivatives.

Details proofs can be found in [Ait EI Manssour, Sattelberger, and T., 2023]. Other
references include [van Der Hoeven, 2019, Bernardi et al., 2020].

Operations

Let f and g be D-algebraic functions.
» Binary operations:
fag, with a € {x, /,+, —, o}.

» Unary operations (only one operand from A):
a(f), a € {() () () Ry, R € K(x,y)}.

MathRepo webpage:
https://mathrepo.mis.mpg.de/DAlgebraicFunctions/
Software presentation of the Maple implementation at ISSAC’23.
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2. Arithmetic Operations
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Some Differential Algebra
> Let R = (K[x], Z) be a differential ring, K > Q.
> Wecall S, :=Rly,y,...,y",.. ],y = &y, a“univariate” differential polynomial
ring. The variable y and all its derivatives are seen as “one differential variable”
called differential indeterminate.
> A differential ideal /, is an ideal / € Sy, that is closed under Z. For
i, Pk € Sy, (multivariate), /, k € N, we denote by (p, . .., px)(>), the minimal

differential ideal containing py, . .., px and their derivatives.
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Some Differential Algebra
> Let R = (K[x], Z) be a differential ring, K > Q.
> Wecall S, :=Rly,y,...,y",.. ],y = &y, a“univariate” differential polynomial
ring. The variable y and all its derivatives are seen as “one differential variable”
called differential indeterminate.
> A differential ideal /, is an ideal / € Sy, that is closed under Z. For
i, Pk € Sy, (multivariate), /, k € N, we denote by (p, . .., px)(>), the minimal

differential ideal containing py, . .., px and their derivatives.

Definition (D-algebraic function)

A function f := f(x) is D-algebraic with respect to x, say f € Ay, if there exists P € S,
such that P(y = f(x)) = 0.
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Some Differential Algebra

> Let R = (K[x], Z) be a differential ring, K > Q.

> Wecall S, :=Rly,y,...,y",.. ],y = &y, a“univariate” differential polynomial
ring. The variable y and all its derivatives are seen as “one differential variable”
called differential indeterminate.

> A differential ideal /, is an ideal / € Sy, that is closed under Z. For
i, Pk € Sy, (multivariate), /, k € N, we denote by (p, . .., px)(>), the minimal
differential ideal containing py, . .., px and their derivatives.

Definition (D-algebraic function)

A function f := f(x) is D-algebraic with respect to x, say f € Ay, if there exists P € S,
such that P(y = f(x)) = 0.

For convenience, we use different differential indeterminates for distinct D-algebraic
functions:

For f,g € Ax, we consider P € Sy,,Q € Sy, P(y1 = f(x)) = Q(y2 = g(x)) = 0.
Note: P,Q € Sy, y..
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Differential elimination
By arithmetic operations we mean « € {x, /,+, —}.
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Differential elimination
By arithmetic operations we mean « € {x, /,+, —}.

» Let f:=f(x), and g .= g(x) be in Ay
» We have P(y; = f(x)) =0,P € Sy,,and Q(y2 = 9(x)) =0,Q € Sy,.
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Differential elimination
By arithmetic operations we mean « € {x, /,+, —}.

» Let f:=f(x), and g .= g(x) be in Ay
» We have P(y; = f(x)) =0,P € Sy,,and Q(y2 = 9(x)) =0,Q € Sy,.
» Wewant T € S;, suchthat T (z = (fag)(x)) =0
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Differential elimination
By arithmetic operations we mean « € {x, /,+, —}.

» Let f:=f(x), and g .= g(x) be in Ay

» We have P(y; = f(x)) =0,P € Sy,,and Q(y2 = 9(x)) =0,Q € Sy,.

» Wewant T € S;, suchthat T (z = (fag)(x)) = 0.

» We workon Sy, y, -. Let r be the numerator of z — yjay», and consider the

differential ideal
Ipar=(P,Q,nN®™ S, (3)
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Differential elimination
By arithmetic operations we mean « € {x, /,+, —}.

» Let f:=f(x), and g .= g(x) be in Ay
» We have P(y; = f(x)) =0,P € Sy,,and Q(y2 = 9(x)) =0,Q € Sy,.
» Wewant T € S;, suchthat T (z = (fag)(x)) = 0.

» We workon Sy, y, -. Let r be the numerator of z — yjay», and consider the

differential ideal
Ipar=(P,Q,nN®™ S, (3)

» Main Goal: eliminate the differential indeterminates y; and y».
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Differential elimination
By arithmetic operations we mean « € {x, /,+,—}.

» Let f:=f(x), and g .= g(x) be in Ay
» We have P(y; = f(x)) =0,P € Sy,,and Q(y2 = 9(x)) =0,Q € Sy,.
» Wewant T € S;, suchthat T (z = (fag)(x)) = 0.

» We workon Sy, y, -. Let r be the numerator of z — yjay», and consider the
differential ideal
lpar=(P.Q:n)) 8 pz )

» Main Goal: eliminate the differential indeterminates y; and y».

Theorem (Ritt-Raudenbash)

Let | be a differential ideal in S,. The radical ideal /1 is a differential ideal, and moreover,
there exist prime differential ideals I, . . ., I, such that

\[I:I-]ﬂIgﬂ"'mlm (4)
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Method |

We want to find a differential polynomial

T e /P,Q,r NS,
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Method |

We want to find a differential polynomial
T e /P,Q,r ns; # {O}
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Method |

We want to find a differential polynomial
T e /P,Q,r ns; # {O}

Method |

1. For N € N, let l,(D’SN), be the algebraic ideal defined by P, Q, r and their first N
derivatives, and S&N = K[x][z, ..., z()] (a polynomial ring).
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Method |

We want to find a differential polynomial
T e /P,Q,r ns; # {O}

Method |

1. For N € N, let l,(fg), be the algebraic ideal defined by P, Q, r and their first N

derivatives, and S&N = K[x][z, ..., z()] (a polynomial ring).

2. Use Grébner bases to iterate the computations

N+ N+1; (5)
J— I5nsEN. (6)

3. Until J # {0}.

4. Return T € J, such that T has minimum degree among the generators of the
minimal order in J.
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Method |

We want to find a differential polynomial
T e /P,Q,r ns; # {O}

Method |

1. For N € N, let l,(fg), be the algebraic ideal defined by P, Q, r and their first N

derivatives, and S&N = K[x][z, ..., z()] (a polynomial ring).

2. Use Grébner bases to iterate the computations

N+ N+1; (5)
J— I5nsEN. (6)

3. Until J # {0}.

4. Return T € J, such that T has minimum degree among the generators of the
minimal order in J.

Questions: how many times do we need to iterate? What can we say about the order?
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Dynamical system
Consider Sy ,, where y = (y4, ..., ¥n), and the dynamical system

{wzmw

=y M

where A = (A1,...,An) e K(X)(V1,...,¥n)", Be K(X)(V1,...,¥n).
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Dynamical system

Consider Sy ,, where y = (y4, ..., ¥n), and the dynamical system

Y - AQ)
{z —sy) M

where A = (A1,...,An) e K(X)(V1,...,¥n)", Be K(X)(V1,...,¥n).
Differential ideal associated to (M)

Let Q := lcm(denominators in M), A;=a;/Q,i=1,...,n,B=b/Q, and

v =(QY —a(y), Qz - b(y)): Q* C Sy, (7)
=@y —ay) 9, (Qz - by))*) c &7 (8)
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Dynamical system

Consider Sy ,, where y = (y4, ..., ¥n), and the dynamical system
"= A
y - (¥) M)
z = B(y)

where A = (A1,...,An) e K(X)(V1,...,¥n)", Be K(X)(V1,...,¥n).
Differential ideal associated to (M)

Let Q := lcm(denominators in M), A;=a;/Q,i=1,...,n,B=b/Q, and

v =(QY —a(y), Qz - b(y)): Q* C Sy, (7)
=@y —ay) 9, (Qz - by))*) c &7 (8)

[Hong, Ovchinnikov, Pogudin, and Yap, 2020]

(57 0 SN+ {0} (9)
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Method |

Computing ADEs from dynamical systems

1. Let
P:: P(y1,...,y.|(n1)), Q:: Q(Y2,~-.7Y2(n2))a (10)

and assume degy(n1)(P) — degy(n2>(O) =1,
1 2
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Method |

Computing ADEs from dynamical systems

1. Let
P:: P(y1,...,y.|(n1)), Q:: Q(Y2,~-.7Y2(n2))a (10)

and assume degy(n1)(P) = degy(nz)(O) =1.
1 2
2. Consider the differential indeterminates wx, ..., Wp, n,, such that

(m—1)
h

W1 = y17"‘7WI71 3:}/ 7Wn1+1 = y27"'7Wf71+n2 = y2(n271) (11)
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Method |

Computing ADEs from dynamical systems

1. Let
P:: P(y1,...,y.|(n1)), Q:: Q(Y2,~-.7Y2(n2))a (10)

and assume degy(n1)(P) — degy(nz)(O) =1,
1 2

2. Consider the differential indeterminates wx, ..., Wp, n,, such that

—1 1
W1 ::y17"‘7WI71 3:}/1(”1 )7Wn1+1 ::y27"'7Wf71+n2 5:}’2(”2 ) (11)
3. Deduce the ADE sought from the dynamical system
Wi = Ws
W, =rp(Wi,...,Wp_1), Ip:= Solve(P,y1(”‘)) (12)
Wi tn, = ra(Wny g1, - Win,—1),  Tq = Solve(Q, Y2(n2))
Z = WiaWp, 11
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Examples
> f(x) == exp(x), P =y, — y1; and g(x) = log(x), Q(x) := x y5 — 1. Find T such that
T (z(x) = %) = 0.
» We find »
T=xz z-2xz +@x+1)zZz-(x+1)22
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Examples
> f(x) == exp(x), P =y, — y1; and g(x) = log(x), Q(x) := x y5 — 1. Find T such that
T (z(x) %) = 0.
» We find »
T=xz z-2xz +@x+1)zZz-(x+1)22
> P=y/ +y?and Q:=y, — y2 Find T: T (z(x) = £(x) + g(x)) = 0, where
P(f) = Q(g) = 0.
» We find
T =3362 2 29% 1 10247° +4327° — 967" 7" 2°

’

_3847 7 7% _5767° 7" 2z +768zzsz 6722 2%

— 1536 ’32”22 —11522 PAPc: 322 3 162" —288 &
+2882"° 20 + 247" z< ~10082" z z<3 +4322 Y24z 20 (13)
_7682° 7% 1+ 46082° 7% 42247 7 1 17282°% 7 +63362° 77

! 1 ! 1" /4 112 /4 /2 //4
_e727" 2 3Jr192232 4+25922 2% _as67" 27 157677 2
’ 1" !’ /2 //3 /2
_ 3847 7% —1922° 2% 1172872 7% 4877 2% 1 1728 7

/14 /13 I4 1"
1927 208 _ 877 237 _ 967 2% _ ;% _ 4807 " 7 2.

n4d
z
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Related work

» Jiménez-Pastor, A., Pillwein, V., Singer, M., 2020. Some structural results on
D"-finite functions. Advances in Applied Mathematics 117, ID 102027 (29 pages).

Teguia Tabuguia MPI MiS SIAM AG23 D-Algebraic Functions 07/2023 17/26


https://www.mis.mpg.de/
https://www.siam.org/conferences/cm/conference/ag23?_ga=2.42204070.2071523891.1687858330-2026413993.1683809659

Related work

» Jiménez-Pastor, A., Pillwein, V., Singer, M., 2020. Some structural results on
D"-finite functions. Advances in Applied Mathematics 117, ID 102027 (29 pages).

» Boulier, F,, Lazard, D., Ollivier, F., Petitot, M., 1995. Representation for the radical of
a finitely generated differential ideal. In ISSAC’95: Proceedings of the 1995

International Symposium on Symbolic and Algebraic Computation. ACM Press, New
York, NY, USA, pp. 158—166.
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Related work

>

>

Jiménez-Pastor, A., Pillwein, V., Singer, M., 2020. Some structural results on
D"-finite functions. Advances in Applied Mathematics 117, ID 102027 (29 pages).
Boulier, F., Lazard, D., Ollivier, F., Petitot, M., 1995. Representation for the radical of
a finitely generated differential ideal. In ISSAC’95: Proceedings of the 1995
International Symposium on Symbolic and Algebraic Computation. ACM Press, New
York, NY, USA, pp. 158—166.

Bachler, T., Gerdt, V., Lange-Hegermann, M., Robertz, D., 2012. Algorithmic Thomas
decomposition of algebraic and differential systems. Journal of Symbolic
Computation 47, 1233—1266.

Robertz, D., 2014. Thomas Decomposition of Differential Systems. In Robertz, D.,
2014. Formal Algorithmic Elimination for PDEs. Springer 2121. Switzerland. Section
2.2.
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Related work

Improved Method Il [T., 2023

> Example: Py =y, 2 4 y2 —1,Pyi=yy— yo. Py = y5 4+ y5- +3
» Find a third-order differential polynomial T: T (z(x) = f1(};)()ff)(x)), where
Pi(fi) = Pa(f2) = P3(f) = 0.

Teguia Tabuguia MPI MiS SIAM AG23 D-Algebraic Functions 07/2023 18/26


https://www.mis.mpg.de/
https://www.siam.org/conferences/cm/conference/ag23?_ga=2.42204070.2071523891.1687858330-2026413993.1683809659

Related work

Improved Method Il [T., 2023

,2 ’ 13 ,2
> Example: Py =y, " +y2 —1,Po =y, — yo,Ps3 =y, +y; +3

» Find a third-order differential polynomial T: T (z(x) = f1(};)()ff)(x)), where
Pi(fi) = Pa(f2) = P3(f) = 0.

» We find

= <ZN +27 + Z) (z" 127+ 22)2 (1 272 4327 74207" 7 (14)

4+ 628742477 £ 3077 +1020)7 + 92 1 6297 + 2(3)2)

These non-“.h.0.” cases are often well handled by this approach.
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3. More Operations and Implementation
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Composition

> Letf,ge A, P=P,....y\"), Q= Qya, ..., ¥{™), P(f) = Q(g) = 0.
» Howtofind T € S;, T(z=1fog)=07?
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Composition

> Letf,ge Ay, P=P(y,...,y\"), o Qya, ..., ¥$™), P(f) = Q(g) = 0.
» Howtofind T € S,, T(z=1fog) =
» Observation:

(1(9)) = d'f'(9),

(f(9))" = d"f(9) + g°1"(g), 15)
(f(@)® = g® f(g) + g"g "(g) + g° F®)(g)

Hence a linear system in y; with coefficients in terms of z and y».
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Composition

> Letf,ge Ay, P=P(y,...,y\"), o Qya, ..., ¥$™), P(f) = Q(g) = 0.
» Howtofind T € S,, T(z=1fog) =
» Observation:
(1(9)) = d'f'(9),
(f(9))" = d"f(9) + g°1"(g),
(f(@)® = g® f(g) + g"g "(g) + g° F®)(g)

Hence a linear system in y; with coefficients in terms of z and y».
» Elimination of y; by linear algebra.

» Proceed by constructing a dynamical system of dimension ny + n», and deduce the
ADE sought.
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Implementation in Macaulay2 and Maple

» https://mathrepo.mis.mpg.de/DAlgebraicFunctions/
» https://mathrepo.mis.mpg.de/OperationsForDAlgebraicFunctions/

Teguia Tabuguia MPI MiS SIAM AG23 D-Algebraic Functions 07/2023 21/26


https://mathrepo.mis.mpg.de/DAlgebraicFunctions/
https://mathrepo.mis.mpg.de/OperationsForDAlgebraicFunctions/
https://www.mis.mpg.de/
https://www.siam.org/conferences/cm/conference/ag23?_ga=2.42204070.2071523891.1687858330-2026413993.1683809659

Implementation in Macaulay2 and Maple

» https://mathrepo.mis.mpg.de/DAlgebraicFunctions/
» https://mathrepo.mis.mpg.de/OperationsForDAlgebraicFunctions/

The NLDE Package

NonLinear algebra and Differential Equations (or NonLinear Differential Equations).
1. Univariate arithmetic: NIL.DE: -arithmeticDalg, NLDE:-unaryDalg;

. Multivariate arithmetic: NLDE : -MDalg: MDalg:—arithmeticMDalg;

Composition: NLDE : —composeDalg;

Functional inverse: NLDE: —invDalg;

Differentiation: NLDE: -diffDalg;

Ansatz approach for univariate arithmetic (0-finite functions): NLDE : -AnsatzDalg:
AnsatzDalg:—-arithmeticDeltak, AnsatzDalg:-unaryDeltak.

o0 s w0
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The NLDE Package
Example (Arithmetic)

> ADEl:=diff (yl(x),x)"3+yl(x)+1=0:
> ADE2:=diff (y2(x),x)"2-y2(x)-1=0:

> NLDE:-arithmeticDalg ([ADE1l,ADE2], [v1(x),y2(x)],z=yl+y2)
2 2
d a®
24(0,2 X) +36< z(x)) 718—z(x)+8 z(x)+3—0 (16)
> Res:=NLDE:-arithmeticDalg ([ADE1l,ADE2], [yl (x) ,y2( x)]1,z=yl+y2,1lho=false) :

3 2 2 2 3 2 S
<(dciz(x)) + z(x) + 2> ((;Xz(x)) —2z(x) — 2> <216 (%z(x)) (:2 z(x)) —216z(x) (Cjizz(x)>
2 2 2 2 2 2 2
— 324 (O%z(x)) <;{2 (x)> — 432 <;(22(x)> + 144 (diz(x)) <:2 (x)> + 324z(x) (:22(x)>
d_ N[ o2 i d o o
+ 162 (az(x)) <dx22(x)> + 648 (dZ(X)> — 144 (d—z(x)) <d 2z(x)) — 162z(x) <dx22(x)>

2
27 (%z(x)) - SOOd—zz(x) + 36—z(x) 1 272(x) + 50> =0

(17)
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The NLDE Package

Example (Composition)

The exponential of the Painlevé transcendent of type I.

> ADEl:= diff(yl(x), x) — yl(x) = 0:
> ADE2:= diff(y2(x),x,Xx)=6+y2(x)"2+x: #the transcendent
> NLDE:-composeDalg ([ADEL1l,ADE2], [yl (x),y2(x)],2z(x))

24x (Cz(z(x))zz(x)“ + 2(x)® — 22(x)° (:33 z(x)) +6 ( j: : (X)> ( d% Z(X)> 200°
R RI ) ECE ety (;Z(X)>22(X)3
~6(2520) (G2 (m20)) 207 + 24 ( G2t )

+4( L5200 (La) 20+ 92007 (Lat) (e )

—12z(x) (%z(x)) (:22 z(x)) +4 (diz(x)) =0
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The NLDE Package

Example (Functional Inverse)
Functional inverse of the Weierstrass elliptic function .

> ADE:=diff (y(x),x)"2=4xy (x) "3-9g2*y (x)—-g3:
> invDalg (ADE, vy (x), z (x))

1+ (—4x° + g2x + g3) (%Z(X))2 =0. e

Teguia Tabuguia MPI MiS SIAM AG23 D-Algebraic Functions 07/2023 24/26


https://www.mis.mpg.de/
https://www.siam.org/conferences/cm/conference/ag23?_ga=2.42204070.2071523891.1687858330-2026413993.1683809659

[Ait EI Manssour, Sattelberger, and T., 2023] and [T., 2023]

Take away. Note that:

» Every rational expression of D-algebraic functions satisfies a computable ADE of
order at most the sum of the orders of the ADEs defining those D-algebraic functions.

» The composition of two D-algebraic functions is a D-algebraic function that fulfils a
computable ADE whose order is at most the sum of the orders of the two defining
ADEs.

» The derivative of a D-algebraic function is a D-algebraic function satisfying a
computable ADE of the same order as the ADE defining the given function.

» The functional inverse of a D-algebraic function is a D-algebraic function that fulfils a
computable ADE of the same order as the ADE defining the given function.
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If p(x) satisfies

Y ()2 =4y(x)° — g2 y(x) — gs.
Then the functional inverse o~ of p satisfies

1+ (—4x3 +g2x + gs) Y (x)? =o0.

See more about NLDE at https://mathrepo.mis.mpg.de/OperationsForDAlgebraicFunctions/

Thank You!
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