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Abstract

A sequence is difference algebraic (or D-algebraic) if finitely many shifts of its general
term satisfy a polynomial relationship; that is, they are the coordinates of a generic
point on an affine hypersurface. The corresponding equations are denoted algebraic
difference equations (ADEs). We propose a formal definition of D-algebraicity for
sequences and investigate algorithms for their closure properties. We show that sub-
sequences of D-algebraic sequences, indexed by arithmetic progressions, satisfy ADEs
of the same orders as the original sequences. Additionally, we discuss the special
difference-algebraic nature of holonomic and C?-finite sequences.
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1 Introduction

Some well-known nonlinear recurrence relations arose with the Babylonian (or Heron’s) method
and Aitken extrapolation. The latter was introduced to estimate limits of convergent sequences.
To a sequence of general term s(n), the A% process, or Aitken’s transformation [Ait27], associates
the term

(As(n))?

— 5(n))?
t(n) = s(n) — “Als(n) = s(n) — - (s(n+1) —s(n))

(n+2)—2s(n+1)+s(n)’ (1)
to accelerate the rate of convergence to lim, o s(n) < co. As discussed in [Wen89], this trans-
formation has numerous applications in theoretical physics and other sciences [BJ75, Bre85]. This
paper presents a general study of a class of sequences that is stable under such transformations.
These sequences satisfy nonlinear rational or polynomial recursions, similar to the one presented
in (1). Although we do not aim to describe an algorithm for numerical computations, some of our
examples are motivated by sequence acceleration in numerical analysis.

To give a glimpse of what our symbolic computations provide for Aitken’s A? process, consider
approximating /2, £ > 0, using the Babylonian method. The iteration is governed by the recursion

s(n+1) = % <s(n) + s(f%)) , (2)

with the chosen initial term s(0) = so. Using our result, we can systematically show that the Aitken

transformation yields the sequence with initial term ¢(0) = % and recursion
0
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1.1. Context. Following J. F. Ritt’s algebraic approach to differential equations [Rit50], the
study of associated objects such as differential polynomials and differential varieties was further
developed by Raudenbush [Rau34], Rosenfeld [Ros59], and, more comprehensively with modern
mathematics, by Kolchin [Kol73]. For difference equations, which relate to the classical A operator
defined as Af(z) = f(z + 1) — f(x), R. Cohn developed much of the theory [Coh65].

A key result of R. Cohn states that every nontrivial ordinary algebraically irreducible difference
polynomial admits an abstract solution [Coh48]. This theorem has important implications for
sequences over an algebraically closed field, say K, of characteristic zero. Indeed, specialized to the
difference ring KN (with the monoid of natural integers N = {0, 1,...}), Cohn’s theorem ensures the
existence of sequences that are zeros of ordinary difference polynomial. We call them difference-
algebraic (or D-algebraic) sequences and denote their set by K" (see Definition 2.13).

The scarcity of practical algorithms for arithmetic computations with D-algebraic sequences can
largely be attributed to the presence of zero-divisors in sequence rings. It is only recently that a
theory for the zeros of algebraic (or polynomial) difference equations (ADEs) within these rings
has been proposed [OPS20]. This is a non-trivial undertaking, as many established results from
difference and differential fields do not readily translate to sequence rings [HP07]. Wibmer intro-
duced a notion of dimension for systems of ADEs with solutions in sequence rings, showing that
this dimension need not be an integer [Wib21]. Decidability results for solving systems of difference
equations in sequences are discussed in [PSW20].

1.2. Related work. In the spirit of [Kau07], we employ difference algebra as a convenient language
to investigate the closure properties of D-algebraic sequences. We aim to provide a computational
framework for D-algebraic sequences from which known answers related to D-algebraic functions
can also be addressed.

D-algebraic functions [AEMSTT24, TT25] generalize functions defined by polynomial differen-
tial equations, encompassing classes such as D-finite functions [Kau23] and differentially definable
functions [JPPS20] (see also [TTK21] for related power series). Similarly, D-algebraic sequences
generalize sequences defined by polynomial equations involving their shifts and the index variable.
These sequences arise naturally in computer science, for example, in the context of cost-register
automata [ADD"13] and polynomial automata [BDSW17] over a unary alphabet. One also finds
D-algebraic sequences in modeling, as illustrated with the discrete May-Leonard model by Roeger
and Allen [RA04].

A particularly important subclass of D-algebraic sequences consists of rational recursive sequences,
which are the zeros of difference polynomials linear in their highest shifts (or order terms)
[CDBMP23, Ste04]. We refer to these polynomials as rationalizing difference polynomials.

Of course, for a given sequence (s(n))nen, the relation

s(n+r)D(s(n),s(n+1),...,s(n+r1)) =N(s(n),s(n+1),...,s(n+r2)), (4)

with polynomials N, D, and integers r > r1, 7, is “meaningful” only if the sequence (s(n))pen is
not a zero of both the difference polynomials encoded by N and D simultaneously. This, however,
does not affect the definition of a rationalizing difference polynomial; instead, it emphasizes the
type of sequence solution. In this paper, we discuss a special type of so-called generic (sequence)
solutions [Lev08, P. 32].

1.3. Contributions. We propose a formal definition for D-algebraic sequences. In the case
of irreducible difference polynomials, this definition corresponds to special germs of their generic



solutions. We then generalize this perspective to accommodate D-algebraic sequences with zeros
of arbitrary difference polynomials.

It was shown in [TTW24] that any D-finite (holonomic or P-recursive) equation can be converted
into a rationalizing ADE of order bounded by the sum of its holonomic degree and order. It turns
out that the corresponding holonomic sequences are often generic zeros of the resulting ADE. We
provide a corrected proof of this statement here, as an error was inadvertently introduced in the
final version of [TTW24].

Another notable subclass of D-algebraic sequences is that of C?-finite sequences, introduced by
Jiminez-Pastor, Nuspl, and Pillwein in [JPNP23]. We establish a result analogous to Theorem
2 from [TTW24] to give a constructive proof of their D-algebraicity. This proof is based on a
new algorithm, Algorithm 2, which converts any C?-finite equation into a rationalizing difference
polynomial. Notably, our algorithm makes no explicit use of Grébner bases or linear system solving.
While we observe similarities with the resultant method from the differential case [JPPS20], that
approach does not guarantee linearity on the order term.

Note that the differential analogs of these conversions are far more straightforward. Indeed, in the
differential case, the algorithm for D-finite functions essentially involves eliminating the indepen-
dent variable via the resultant method, followed by computing the first derivative of the resulting
differential polynomial. Similarly, unlike D?-finite equations, the conversion of C?-finite equations
into rational recursions appears to require different techniques.

Regarding arithmetic operations, while the computational theory for the differential case is rel-
atively well-established (see, e.g., [BLOP95, Robl4, vDH19, TT25] and references therein), an
effective theory for the arithmetic of (nonlinear) difference-algebraic sequences has received less
attention. This may also explain the lack of results concerning D-algebraic subsequences, and thus
motivates the present work.

This paper demonstrates that D-algebraic sequences behave well under field operations, provided
that mild assumptions are made about their consecutive terms. For illustration purposes, consider
the following algebraic difference equation satisfied by (n!),en:

s(n+1) (S(STE;; s(n+1)) (5)

This equation may be obtained using the algorithm from [TTW24] with the minimal D-finite

equation satisfied by n! as input. We may use this recursion to construct an ADE satisfied by

u(n) = nﬁ!l, which is not D-finite. For s(n) satisfying (5) with s(0) = s(1) = 1, we have that
s(n)

u(n) = Stn)+1> @ rational expression in s(n). Provided that

s(n+2) =

s(n)s(n+1)s(n+2)(s(n) +1)(s(n+ 1)+ 1)(s(n+2) +1) #0, (6)

Algorithm 1 computes the following ADE for u(n), which we write as a recursion to make the
coefficient of the order term explicit:

u(n+1) 2u(n+1)u(n) —u(n + 1) —u(n)) .
u(n +1)%u(n) —u(n+1)* + u(n + 1) u(n) — u(n)

u(n +2) = (7)
By considering generic zeros of difference polynomials, we neglect all sequence solutions of the ADE
in (7) that vanish the denominator on its right-hand side. The conditions made in (6) arise from
shifts of the denominators in (5) and the relation between s(n) and w(n), which are used during
the Grobner bases computations. Again, this condition may be simplified for generic sequences



satisfying (5). However, these conditions can be applied to practical computations involving actual
sequences. For a specific ng € N, it is required to verify that all these conditions are satisfied before
using (7) to compute the subsequent terms of (4(n))n>n,. Since for (n!),en, the non vanishing of the
denominator in (7) (for u(n)) and the conditions in (6) are always satisfied, all terms of (u(n))nen
may be computed with (7) and its first two initial values. In essence, our algorithmic computations
with D-algebraic sequences rely on these kinds of generic assumptions, which are highly dependent
on the initial terms of these sequences. The latter already relates to a longstanding decision problem
for C-finite sequences [OW12]. However, we will not discuss this aspect further, as our interest in
this paper lies only in the symbolic constructions with difference polynomials.

In addition to field operations and completing the work in [TTW24], we prove that D-algebraic
sequences are closed under partial sums, partial products, radicals (one may assume complex values
and appropriate choices for branches), and composition with arithmetic progressions. This last
result can be extended to composition with broader classes of strictly increasing integer sequences.
We are unaware of comparable results for such compositions, and we consider our method for
computing equations for D-algebraic subsequences another key contribution.

Our method for all these operations is based on the decomposition-elimination-prolongation method
developed by Ovchinnikov, Pogudin, and Vo [OPV22], which was adapted to the difference algebra
setting in [OPS20] (see also [GVDHYZ09]). We construct difference polynomials for D-algebraic
closure properties by adapting the result from [TT25], which proposes a method to deal with
difference polynomials that are nonlinear in their highest shifts.

The NLDE package [TT23] contains a sub-package DalgSeq dedicated to the use of nonlinear algebra
for difference equations. Most of the algorithms highlighted in this paper are implemented in
DalgSeq available at https://github.com/T3gula/D-algebraic-functions.

2 Definitions

In this section, we fix some notations and establish a formal definition of a difference-algebraic
sequence from the difference algebra setting. For further details on this theoretical perspective, we
refer the reader to [Coh65, Lev08].

Definition 2.1. A difference ring is a pair (R, X) where R is a commutative ring and ¥ is a finite
set of pairwise commuting R-endomorphisms.

A difference ideal of (R, Y) is an ideal J of R such that o(J) C J for all ¢ € ¥. The difference ring
(R,Y) is also denoted ¥-ring R. When ¥ = {o}, the ¥-ring R is simply denoted o-ring and said
to be ordinary. When [¥| > 1, R is a partial difference ring. In this paper, we restrict ourselves to
ordinary difference rings. We denote by N the set of non-negative integers.

We primarily consider the o-ring (K, o), where K is an algebraically closed field of characteristic
zero and ¢ an endomorphism in K.

Definition 2.2. The ring of difference polynomials in one difference indeterminate x over K |
also called the free difference K-algebra in z, is the difference ring (K[zg, z1, z2,...],5), where &
extends o as follows: G(a) = o(a) = a, for any a € K, and 5(z;) = 241, j € N. For simplicity,
this difference ring is denoted by D, (K,z) == K[o’(z) | j € N] or K[0™°(x)] with the property
o/t(z) = o(0?(x)),j € N.


https://github.com/T3gu1a/D-algebraic-functions

Definition 2.3. The order of a difference polynomial p € D, (K, x), denoted ord(p), is the maximum
j € N such that o/ (x) appears in p. The degree of p denoted deg(p) is the total degree of p as a
polynomial in the algebraic polynomial ring K[z, o(z), . .., 0°4®) (z)]. We say that p is rationalizing
when p is linear in its highest shift term, i.e., the degree of p with respect to ¢°4®)(z) is 1.

To any difference polynomial p € D,(K,x), we associate a recurrence equation called algebraic
difference equation obtained by the equality p = 0. For a rationalizing difference polynomial, the
associated recurrence equation is equivalent to a rational recursion.

Example 2.4. The difference polynomial associated to (5) is 0?(z)z — o(z)(z + o(z)), of order 2
and degree 2. For (7), the corresponding difference polynomial is of order 2 and degree 4. |

In classical algebraic geometry, zeros of polynomials over K correspond to points in KV, the affine
N-space over K, for some fixed N € N\ {0}, defining algebraic sets or varieties with the ideals of
those polynomials. In our setting, the corresponding points may be regarded with denumerable
coordinates as we want any zero of p € D, (K, z) to have coordinates that vanish o7 (p), for all
j € N. Every such point defines a sequence over K. We denote the set of such sequences over K
by KXo, where R is aleph zero, the cardinality of N. This makes sense of the passage from a finite
to an infinite (countable) number of coordinates. Note that K¥ ¢ KN, and the inclusion is strict
since (n™),en is not a zero of a difference polynomial. The operations in KX are inherited from
the difference ring KV defined with the shift endomorphism.

Definition 2.5. A homomorphism of difference rings (R, 01) and (R2, 02) is a ring-homomorphism
p: Ri — Ry such that poo; =090 ¢.

Definition 2.6. Let p € D,(K,z) and (s(n))pen € (KX, 0') as previously defined. We
say that (s(n))pen is a zero of p if, under the unique homomorphism of difference rings
D, (K,z) — (K", ¢') given by the extension that sends z to (s(n))nen, p is sent to 0. We
interpret the fact that (s(n))nen is a zero of p by “p(s(n)) = 0 for all non-negative integers n” or
“p((8(n))nen) = 07 (or simply p(s(n)) = 0 with unspecified n).

Several sequences are zeros of difference polynomials, but in some cases, being a zero of a difference
polynomial does not particularly add value to the knowledge of the sequence. According to Defini-
tion 2.6, even the sequence of Bernoulli numbers satisfies an algebraic difference equation. Indeed,
consider the difference polynomial

p=>50%2)z — 60%(x)o(x) + o(x) . (8)

Recall that the nth Bernoulli number B,, may be computed by the formulas:

(—1)"*12(2n)!

By =1, Bgn:WC(%), n =1, ()
1
By = 5 Bopt1=0,n2>1,

where ( is the Riemann Zeta function. One verifies that for all n € N, p(B,,) = 0. However, the
only terms of (Bj)nen that can be deduced from p are the terms Bs,,n < 2 and Bap4+1,n > 0.
When such a phenomenon happens for a given sequence and a difference polynomial, we say that
the sequence is not a generic zero of that difference polynomial. Let us make this statement more
precise.



Definition 2.7. Let p € D, (K, z). The initial Z, of p is the leading coefficient of p viewed as a
univariate polynomial in o 4(®)(z).

Proposition 2.8. Let p € D,(K,z) \ K. We have ord(Z,) < ord(p) and deg(Z,) < deg(p).

Proof. The inequality for the order is immediate from the definition. For the degree, let » = ord(p)
and m = degyr(z)(p) > 0 be the degree of p in ¢"(z). From the definition of T, it follows that
there exists p1 € D, (K, z), degyr(y)(p1) < m,ord(p1) < r such that

p =1, (0" ()" +p1, (10)
showing that deg(p) > deg(Z,) + m > deg(Z,). O

Definition 2.9. Let p € D, (K, z). A sequence (s(n))nen is a generic zero of p if it is a zero of all
P in the difference ideal < p > and not a zero of any P ¢< p >.

Proposition 2.10. If a sequence (s(n))nen s a generic zero of an algebraically irreducible differ-
ence polynomial p € Dy (K, x), then Z,((s(n))nen) # 0.

Proof. 1If Z,((s(n))nen) = 0 then Z,, €< p >. Since p is irreducible, there exist difference polyno-
mials qo, q1,- .., qr € Dy(K, x) such that

k
Iy =49’ (p). (11)
j=0
Using an orderly ranking on R = K[z, o(z), . .., """ ®)(2)], the coefficients ¢;’s can be interpreted
as the quotients in a reduction (division) of Z,, with respect to the triangular set {7 (p),j =0...,k}

generating the truncation of < p > in R. By the reduction algorithm, we must have that

deg(Z,) = deg(qr 0" (p)) = deg(qr) + deg(p),

using the correspondence condition between the leading terms on both sides in (11).

However, by Proposition 2.8 we know that deg(Z,) < deg(p). Therefore we must have deg(gx) < 0,
thus ¢, = 0. Repeating this reasoning with the remaining ¢;’s, 0 < j < k, leads to Z, = 0, a
contradiction since p is irreducible. ]

The following theorem may be regarded as a corollary of R. Cohn’s existence theorem for ordinary
difference polynomials.

Theorem 2.11. [Coh48, Theorem IV] Every irreducible difference polynomial in Dy(K, z) \ K has
a generic zero.

Following Cohn'’s original proof, the core idea of a generic zero—as illustrated by Proposition 2.10
and Theorem 2.11—is that all subsequent terms of such a sequence can be computed from a
corresponding difference polynomial p € D, (K, z) and its first ord(p) initial terms. This property,
however, is the essential problem that hampers the definition of the Bernoulli sequence using the
irreducible polynomial p from (8).

The classical definition of a generic zero does not fully capture this idea of computability. We
resolve this by introducing the class of D-algebraic sequences. To simplify the understanding of our
main definition, we first consider the case of irreducible difference polynomials.



Definition 2.12 (D-algebraicity with irreducible difference polynomial). Let p € D, (K, x) be
irreducible. A sequence (s(n))nen is difference-algebraic (or D-algebraic) over K with defining
polynomial p, if Z,(s(n)) # 0 for sufficiently large n.

Whether the Bernoulli sequence is D-algebraic or not is not proven in this paper. However, from
Definition 2.12 we know that the difference polynomial p in (8) cannot be used to define the Bernoulli
sequence since Z,(Bap4+1) = 0,n > 1. In other words, for an irreducible difference polynomial p to
define a D-algebraic sequence (s(n))nen, we must have |[{n € N,Z,(s(n)) = 0}|< co. We refer to
this condition as the regularity condition.

In general, to show that a given sequence is D-algebraic, it is enough to show that all its terms
can be obtained by finding the roots of some univariate polynomials resulting from evaluating a
difference polynomial with its previous terms. Generalizing Definition 2.12 for arbitrary difference
polynomials, we obtain the definition below.

Definition 2.13. Let p € D,(K,x), and p = pop1 - - - py, its decomposition into irreducible com-
ponents. Let Ny, (s(n)) :== {n € N, p;(s(n)) = 0}. A sequence (s(n))nen is difference-algebraic (or
D-algebraic) over K with defining difference polynomial p, if:

1. Forall j € {0,...,£}, [Ny, (s(n))|= oo;
2. For all j € {0,...,£}, [{n € Ny, (s(n)), Zp,(s(n)) = 0}|< oo;
3. For all n € N, there exists a unique j € {0,...,¢} such that p;(s(n)) = 0.

Observe that when ¢ = 0, Definition 2.13 recovers Definition 2.12: conditions 1 and 3 together
ensure that (s(n)),en is a generic zero of pg, and condition 2 corresponds precisely to the regularity
condition. Given the “switching” behavior of a D-algebraic sequence’s terms among the irreducible
factors of its defining difference polynomial (as described in Definition 2.13), we may refer to such
sequences as polymorphic D-algebraic sequences. Nevertheless, we will not explicitly distinguish
between the two in this paper. From the next section onwards, our focus will primarily be on
D-algebraic sequences defined by irreducible difference polynomials.

Example 2.14 (“A D-algebraic continuation of Bernoulli numbers”). The sequence (b(n))nen
defined as

6b(n) b(n + 1) + 5b(n) b(n + 2) — 6b(n + 1)* — 30b(n + 1) b(n + 2) S0

b(n+3) =— 25b(n) > 12)

is a D-algebraic sequence whose terms are defined by the sum of two consecutive terms of a D-
algebraic zero of (8). Its first three initial terms are By + By, By + Be, and Bs + Bs, obtained with
the Bernoulli sequence. This shows that the sequence

11 1 91 423241 85414689451
(u(n))nEN = 17 - ;

-, =,0,—— —
27677 307 7375077 11718750 7 915527343750
defined by

b(n) if n=2kk>1,
u(n) == ]

B,  otherwise,



is a generic zero of (8), which, as the Bernoulli sequence, cannot be defined by it. By adjusting
(12), we deduce the following difference polynomial to define (u(n)),en as a D-algebraic sequence.

oX(z) (2520*(2) + 11 20%(x) — 36 (6%(2))* + 0*(x)) (14)

For n > 0, the first factor from the left helps in computing zero terms at odd indices, and the
second factor helps to compute the nonzero terms. |

Example 2.15. Consider p = (2zo(z) + 2 + o(z)) (20(x)x — x — o(x)). Using p and the initial
term s(0) := 1, we define the recursion:

s if n is odd
s(n+1) = {2-8(11)1’ 1 n 1s odd, )

s()__if p, is even.

T 2s(n)F1°
The sequence (s(n))nen is D-algebraic and we have s(n) = %, for all n € N. This can be shown
by checking the initial+tlzerm and substituting (2;21 for n = 2k and n = 2k + 1 into (15) to verify
that s(n+1) = % Using the algorithm from [TTW24], one shows that (s(n)),en can also

be defined with the difference polynomial ¢ := (2x+ o (z)) 0%(z) + zo(x). A question of interest for
future studies arose in the understanding of the relation between p and ¢ for (s(n))nen. [ |

We view KX as the set of affine D-algebraic sequences, which we will simply refer to as D-algebraic
sequences, as these are our sole focus. Although arithmetic with coordinates does not have a
particular interest in algebraic geometry, we anticipate a comparative study relating projective D-
algebraic sequences, which we may write P*0(K), and K", especially on their defining difference
polynomials.

Remark 2.16. With the above definition of a difference-algebraic sequence, it is convenient to
look at an irreducible difference polynomial p € D, (K, x) as the specialized (see [PSW20]) difference
polynomial p € D := K[o7(s(n))|j € N], where s(n) (symbolically) represents the general term of
a D-algebraic zero of p. This will be used to avoid lengthy notations. We use the automorphism o
with the assumption that it is extended accordingly for KXo,

3 Arithmetic

We adapt the construction from [T'T25, Section 2.2] to the difference case. We focus on irreducible
difference polynomials.

Let N € N\ {0}. We consider N D-algebraic sequences (s;(n))nen, each defined by a given
irreducible difference polynomial p; € D, (K, z), of order n; € N. Let g, h € K[X1,..., Xy] be two
coprime polynomials, and define f := {. We aim to construct a difference polynomial ¢ such that
the sequence defined by t(n) = f(s1(n),...,sn(n)) is a D-algebraic zero of q.

For t(n) to be well-defined for sufficiently large n, the denominator h(si(n),...,sny(n)) # 0 must
be nonzero. Combining this requirement with the regularity condition for each individual sequence
(si(n))nen, we deduce the following critical prerequisite for the construction:

N
Q(s1(n),...,sn(n)) = h(s1(n),...,sn(n)) HIpi(si(n)) # 0, for sufficiently large n. (16)
i=1

8



For our algorithmic approach, we utilize the symbolic representation p;(s;(n), ..., si(n+n;)) € Ds,.
This signifies that we are treating the s;(n)’s as symbolic variables, rather than focusing on the
specific numerical values dependent on n. We use these p;’s and f, combined with condition (16),
to construct a difference polynomial ¢(t(n),...,t(n+n,)) € Dy, ngy € N. This ¢ is designed to vanish
when evaluated at t(n) = f(s1(n),...,sny(n)), provided that relevant shifts of Q(s1(n),...,sy(n))
are nonzero. In practice, due to the D-algebraic nature of the sequences s;’s, this condition simplifies
to assuming that corresponding shifts of h(s1(n),...,sy(n)) are nonzero.

While precisely determining the indices n for which Q(s1(n),...,sy(n)) might vanish is generally
challenging, this underscores the importance and utility of an algorithmic method that can derive
g under the assumption of condition (16)’s general validity. We also mention that the initial terms
of the sequences play a crucial role in the practical application of our method.

3.1 Algorithm

We use the same notations from the introductory paragraph of this section. We define the indeter-
minates

wjr1(n) =s1(n+7), for 0<j<mny

wjt1(n) = s2(n+7), for ny <j<ni+no )
(17

wjri(n) =sy(n+j), for M —ny <j <M.
Observe that for j € 1,..., M\{n1,n1+n2,..., M}, o(wj(n)) = wjy1(n), and o(wyy,,, (n)) satisfies
Pi+1 (wMi+1(n)7 s 7wMi+1<n)7 0<wMi+l (n))) =0, (18)

where M; = Zé‘:o ng, for i = 0,...,N — 1 and ng = 0. The index variable can now be regarded
implicitly, i.e., we can write w; for w;(n) since its shifts are well understood.

Fori=0...,N —1, we write ¢;, 41 = Zp,,,, and p;1 as (see (10))

Cmit o-(wMi+1)mj + Div1,1 (wM¢+1v <oy WMy U(wMi+1)) . (19)

We can now view the problem as resulting from the following radical-rational dynamical system

o(w)" = Ay (wn, ..., wp) + Ea, (o(wr))

{a(w)“ =A(w)+Ea(c(w)) — : (M)
z = B(w) o(wp )" = Apr(wi, ..., war) + Ea,, (0(war))
z = B(wi,...,wy)
(20)
where
o u;,t=1,...,M, is either 1 or one of the m;,i =1,...,N;
o A; (with numerator a;) is either w;;1 or the part of p; 1 /¢, that is free of o(w;) i =1,..., N;

o E4,(0(w;)) (with numerator e,,) is either 0 or the part of p; 1 /¢y, that contains o(w;) (in its
numerator), i = 1,..., N,



° B(wlv R ,U)M) = f(wl,wn1+17 T ’wZi_llrhﬂ’l)‘

We refer to M as the dimension of (My).

Remark 3.1. When the N given difference polynomials are rationalizing, i.e., m; = 1,i=1,..., N,
and E4, =0, (My) is a classical rational dynamical system often considered in theoretical computer
science [CDBMP23].

Let @ be the common denominator of all denominators in the system. Without loss of generality,
we assume that all A; and E 4, are written with @) as the denominator and consider that B = b/Q).
This @ carries the condition from (16). We may regard (M) as a system of difference polynomials
on the multivariate ring of difference polynomials Dy, . == Dy, .. w,,,-- The corresponding difference
ideal is

Ipm; = (Qo(w)" —a(w) — ea(o(w)), Qz —b(w)): H* C Dy.z, (21)
where H = {Q,0(Q),%(Q), ...}, and “: H®” denotes the saturation with H.
Algorithm 1 gives the steps of our approach for the arithmetic of D-algebraic sequences.

Algorithm 1 Arithmetic of difference-algebraic sequences

Input: N difference polynomials p; € Dy, of order n; and a function f € K(Xy,...,X,).
Output: A difference polynomial of order at most M = n; + --- + ny that vanishes at
f(s1,...,sy) for appropriate values of n, where each s; is a D-algebraic zero of p;.

1. Construct (My) from the input p,...,py as in (20).
2. Denote by & the set

€ = {Qao(w)" —a(w) —ea(w), Q2 — b(w)}
= {Qo(w)" —a;(w,...,wy) — ey, (c(w;)),i=1,...,. M, Qz—blwy,...,wy)},

3. Compute the first M — 1 shifts (application of o) of all polynomials in £ and add

them to &.
4. Compute the Mth shift of @z — b(wy, ..., wy) and add it to £. We are now in the
ring K[o=M (wy), ..., 05M(wy), 05M(2)], which contains all differential polynomials

of order at most M in Dy, ..

5. Let I == (&) C K[o=M(wy),...,05M(wyr),05M(2)] be the ideal generated by the
elements of £.

6. Let H:={Q,0(Q),...,c™(Q)}.
7. Update I by its saturation with H, i.e, [ = I: H*.

8. Compute the elimination ideal I N K[o=M(z)]. From the resulting Grébner basis,
choose a polynomial ¢ of the lowest degree among those of the lowest order.

9. Return gq.

To prove the correctness of Algorithm 1, we must show that (o= (I M f)> NK[o>(z)] in step 8 is
a non-trivial elimination ideal. The following theorem establishes this fact.
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Theorem 3.2. On the commutative ring K[o™>(w), 0% (2)], seen as a polynomial ring in infinitely
many variables, consider the lericographic monomial ordering corresponding to any ordering on the
variables such that

(Z) ajl (Z) -~ O-jQ(wi)i i7j17j2 S N’
(ii.) o9T1(2) = 09(2), o9 (w;,) = 09 (wy,), i1,i2,5 € N.

Then the set € := {Qo(w)" —a(w) — ea(cd(w)), Qz — b(y)} is a triangular set with respect to this
ordering. Moreover,

(=M (I, )) NK[0™(2)] # (0). (22)

Proof. First, let us mention that the system (M) is consistent by Theorem 3.2 from the individual
input difference polynomials. The leading monomials of

o7 (Qo(wi)" — ay(w) — eq,(0(w;))) and o7 (Q 2z —b(w))

in the ring K[o™°(w), 0™ (z)] have highest variables ¢/7!(w;) and ¢7(z), respectively. Since these
variables are all distinct, by definition (see [Hub03, Definition 4.1]), we deduce that & is a con-
sistent triangular set with coefficients in the field K. As a triangular set, £ defines the ideal
(&) : H® = Im;, where H = {Q,0(Q),. .. ,oM(Q)}. Therefore by [Hub03, Theorem 4.4]), all as-

sociated primes of o=M (I, ;) share the same transcendence basis given by the non-leading variables

{wy,...,wy} in USM(IMf). Thus the transcendence degree of K[o=M (w), 0=M (2)]/(c=M (IMf)>
over K is M. However, the transcendence degree of K(x)[c=M ()] is M + 1. Hence we must have
(=M (In, )) NK[0=(2)] # (0). O

Observe that M is the minimal integer for which the argument of the proof of Theorem 3.2 holds.

3.2 Some closure properties and examples

We present some immediate consequences of the result from the previous subsection, including the
ring structure of K¥, induced by addition and multiplication. We show how to use Algorithm 1
beyond arithmetic properties. The central fact resulting from Theorem 3.2 is that building a
dynamical system in the form of My in (20) is enough to show the existence of a difference
polynomial vanishing at sequences’ transformations encoded by some f. We exploit the fact that
the form of the system is unchanged by adding new variables and raising them to some powers on
its left-hand side.

We say that a sequence (s(n))nen (or simply (s(n))y if there is no ambiguity) is D-algebraic of
order r if it is defined by an irreducible difference polynomial of order r.

Corollary 3.3. Let (u(n)), and (v(n)), be two difference-algebraic sequences of order r1 and 7,
respectively, and i,j € N,i < ry, j < ro. Then, the following sequences are difference-algebraic of
order r:

1. addition: (u(n+ 1) +v(n+ 7)), withr <ry +1r9;
2. multiplication: (u(n +i)v(n + J))n, with r < ry +ro;

3. division: (1/v(n+ j))n>ng, with r <1y, v(n) # 0 for alln > ng € N;
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4. taking radicals: (N/u(n+1))n, N € N, with r < ry;
5. partial product: ([Tg—y, u(k +))n, ko € N, with r <7y + 1;
6. partial sum: (3 p_g, w(k +19))n, ko € N, with r <rq +1;

Proof. The proofs of these properties are deduced from constructions of radical-rational dynamical
systems (M) as in (20) for some rational functions, here denoted f. We provide details for
i = j = 0 as the case i,j # 0 only implies a different encoding of f with the variables of the
dynamical system.

L f(X,Y) =X +Y;
2. f(X,Y)=XY;
3. f(X):=1/X and (My) built with the defining difference polynomial of (v(n)), only;

4. This follows from the fact that the correctness of Algorithm 1 is unchanged with having z
replaced by z, N € N. Thus, (M) is built with f(X) = X such that the output equation
writes 2 = w;. Note, however, that this is an elementary fact. Indeed, one verifies that the
difference polynomial obtained by substituting (o/(z))* by (o7 (z))*" in p has ( ¥/u(n)), as

a zero.

5. Let us denote by (t(n)),, the partial product of (u(n)),. It is defined by the recursion
t(n +1) = t(n)u(n), with ¢(0) = 1. First, consider the radical-rational dynamical system
(My) constructed from the difference polynomial of (u(n)),, with f unspecified. At this
stage, we know that for any f, we have r; components in the system. To take (t(n)), into
account, we add a new variable wy, 11, such that o(wy,+1) = wy,+1 w1, which represents the
recursion. Then, we choose the function b of the system as b = w,, 41, which tells Algorithm 1
that we want a difference polynomial for (¢(n)),. Hence, by construction, (t(n)), is D-
algebraic of order at most r; + 1 as claimed. Some constraints of the resulting difference
polynomial may define the value of k.

6. For the partial sum, say (s(n))y, one considers the recursion s(n + 1) = s(n) + u(n), with
s(0) = 0, and proceeds in the same way as with the partial product. One can verify that
the difference polynomial obtained by substituting = by o(z) — x in the defining difference
polynomial of (u(n)), belongs to the difference ideal of the output of the algorithm.

O]

Applications of Algorithm 1 reveal that a dynamical system in the form of (M) from (20) serves
as a certificate for computing an algebraic difference equation (or difference polynomial) associated
with a given problem.

In the examples below, the assumption related to (16) is easily verified. Therefore, we will not pay
particular attention to that required condition.

Example 3.4. Let p, q € D, (K, z), such that p = 0%(z) —o(2) z, ¢ = o(x) — 2 —x, specialized with

the generic solution u(n) and v(n), respectively. With the initial values u(0) = 1, u(1) = k € K,
the algebraic difference equation associated to p yields the sequence of general term kf7, where F),
is the nth Fibonacci number (see, for instance, A000301 from [ST03]). With v(0) = 1,v(1) = 2,
v(n) is known to denote the number of ordered trees having nodes of outdegree 0,1,2 and such
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that all leaves are at level n (see A007018). Let us find algebraic difference equations satisfied
by (u(n)/v(n))n, (u(n)v(n)),, and (3 p_gu(k)),. In all these cases, we will write the resulting
equation with the undetermined term s(n).

We use the same notations from the previous subsection. The corresponding dynamical
system is given by

o(wy) = ws

o(wg) = wy wa (23)
O’(’wg) = w% + w3

s — Wi

After elimination, we obtain the following principal ideal

<0(z)403(z)2z4 — 2B0(2)10%(2)%03(2) — 230 (2)30%(2)03(2)? — 220 (2)30%(2)%03(2)
+ 20(2)20%(2)° — 220(2)%0%(2)%0%(2) + 220(2)0?(2) 0 (2) + 0 (2)?0?(2)® (24)
+ 20(2)0%(2)%03(2)% + 20(2)0%(2)°03(2) + 02(2)403(2)2>,

where 07 (z)" is understood as (07(2))’. Hence the algebraic difference equation

s(n +1)*s(n 4 3)%s(n)* — s(n + 1)*s(n + 3)s(n)®s(n + 2)? + s(n + 3)%s(n + 2)*
—s(n+1)3s(n +3)%s(n)3s(n + 2) + s(n + 1)3s(n)s(n 4+ 2)° + s(n + 1)%s(n + 2)°

+ 2s(n +1)%s(n + 3)s(n)s(n + 2)* — s(n + 1)%s(n + 3)%s(n)?s(n + 2)* (25)
+ s(n 4 1)s(n + 3)%s(n)s(n + 2)® 4+ 2s(n + 1)s(n + 3)s(n + 2)°
= s(n+1)’s(n +3)s(n)’s(n +2)° =0,

of order 3 and degree 10.

The system is similar to (23) with the last equation replaced by z = w; ws. We obtain a
principal ideal with the following associated equation:

+1)*s(n)* + 2s(n + 3)s(n + 2)s(n + 1)3s(n)* + s(n + 2)3s(n + 1)*s(n)?
1)2s(n) 4 2s(n + 3)s(n + 2)%s(n 4+ 1)%s(n)® — s(n + 2)*s(n + 1)%s(n)?
2)s(n +1)s(n)” — s(n+3)s(n +2)°s(n+ 1)s(n)* — s(n +2)°s(n + 1)s(n)
)4s(n) + s(n +2)5 = 0.

s(n+2)%s(n +

+s(n+3)2%s(n +

+ s(n +3)%s(n +
)

—s(n+3)s(n+2
(26)

Observe that (26) is also satisfied by the sequence (v(n)/u(n)), since (1/u(n))y is also a zero
of p.

3. (Xhgulk))n.

The corresponding system writes
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ol wo
o(wg) = wy we (27)
U(wg = w3 + w1

Here again, we obtain a principal ideal. The associated equation is given by
s(n)s(n+1)—s(n)s(n+2)—s(n+1)2+s(n+1)s(n+2)+s(n+2)—s(n+3)=0. (28)

The fact that we obtain principal ideals in all three examples is a common situation encountered in
the differential case. It is explained in [DGHP23, Remark 4] that such an ideal is generally “almost
principal”. |

We now deduce a result for sequence acceleration that follows from Corollary 3.3.

Corollary 3.5. Let (s(n))nen be a D-algebraic sequence of order r > 2. Assume that A%s(n) # 0
for sufficiently large n. The Aitken transformation of (s(n))nen, say (t(n))nen, of general term
2

t(n) == s(n) — % is D-algebraic of order r.

Example 3.6 (An example of Aitken acceleration [Gril6]). In his example of Aitken acceleration,
Greffins considered a logical extension of Fibonacci’s rabbit problem in which two neighboring
rabbit populations are, in addition to growing, competing for units of grassland. The probabilistic
process that results from this scenario potentially gives rise to two random walks involving the
Fibonacci numbers. We focus on the second, whose expectation is given by

where F,, is the nth Fibonacci number. A concise description of the problem was given in terms
of an equivalent process involving black and white discs and an urn (see [Gril6, second and third
paragraphs]). The sequence of interest here is S(n) = —%En, which is convergent as a consequence
of the exponential-type behavior of the Fibonacci numbers. The Fibonacci sequence (F,)nen is a D-
algebraic zero of the difference polynomial p := 0?(x) — o(z) — 2, with initial values Fy = 0, F} = 1.
We use closure properties to find an algebraic difference equation satisfied by (S(n)),en. From
that equation, we compute an ADE satisfied by the Aitken transformation of (S(n))nen, which we
denote (T'(n))nen-

1. (u(n))pen = (%)nx satisfies the following second-order quadratic algebraic difference

Fn+1
equation.
—s(n)s(n+1) +2s(n) s(n+2) + s(n+1)> —s(n+ 1) s(n+2) =0, (29)
with initial terms u(0) := %, u(1) :== g. Here, the corresponding dynamical system is similar

to that of the reciprocal, with the difference that the function f has the form 1/(w; ws),
where o(w1) = ws.
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2. (S(n))nen satisfies a quadratic ADE of order 3. We write the ADE as a rational recursion to
highlight that the corresponding initial does not vanish at (S(n)),en as it is not a C-finite
sequence.

s(n) s(n+1) —3s(n) s(n+2) — 2s(n+ 1)? + 6s(n + 1) s(n + 2) — 2s(n + 2)*
2s(n) —3s(n+ 1)+ s(n+2)

s(n+3)=—

As initial terms we have S(0) :== 1, S(1) = %

3. (T'(n))nen is a solution of the following third-order ADE of degree 4.

s(n)?s(n+1)2+6s(n)?s(n+1)s(n+2)—8s(n)?s(n+1)s(n+3)+9s(n)?s(n +2)>
—245(n)? s(n+2) s(n+3)+16 s(n)% s(n+3)2—12 s(n) s(n+1)? s(n+2)+10 s(n) s(n+1)* s(n+3)
—16s(n) s(n + 1) (n+2)%+445(n)s(n+1)s(n+2)s(n+3) —24s(n)s(n+1)s(n+3)2
—45(n)s(n+2)>+10s(n) s(n+2)*s(n+3) —8s(n) s(n+2) s(n+3)*> +4s(n+1)>s(n+2)
—4s(n+1)3s(n+3)+8s(n+1)%s(n+2)? —16s(n+ 1)% s(n + 2) s(n + 3)
+9s(n+1)2s(n+3)2+4s(n+1)s(n+2)> —12s(n+1) s(n+2)*s(n + 3)
+6s(n+1)s(n+2)s(n+3)*+s(n+2)?s(n+3)*=0. (31)

Despite its relatively big size, (31) enables the computation of terms of (7'(n)),en by finding
rational roots of relatively simple quadratic polynomials. For the three needed initial terms
of (T'(n))nen, we need 5 consecutive terms of (S(n))pen. Using S(j),j = 0,...,4 we get
T(0) == I,T(1) == 28, T(2) == {33. Plugging these values into (31) for s(n),s(n + 1), and
s(n 4 2), respectively, yields the following factored quadratic equation to compute 7°(3).

(108300X — 83797) (10140X — 7847) = 0. (32)

The desired next term is the root obtained with the positive square root of the discriminant;
this is T'(3) := % ~ 0.7738658777, which is correct to 4 decimal places with respect to the
limit. This level of accuracy is achieved at the 9th term of (S(n))nen.

Table 1 in [Gril6] presents a comparative analysis of the convergence rates for (S(n)), and
(T'(n))n, demonstrating an example of acceleration achievable through Aitken’s delta-squared
process. Finding an ADE satisfied by the accelerating sequence allows for the computation

of its terms independently, without needing to refer back to the original sequence. |

4 D-algebraic rational recursions

In this section, we focus on two subclasses of D-algebraic sequences, namely holonomic and C?-finite
sequences. We show that generic sequences from both classes are D-algebraic zeros of rationalizing
difference polynomials, defined as difference polynomials that are linear in their highest shift terms
(see Definition 2.3). As in the previous section, we concentrate on simple D-algebraicity, which
corresponds to sequences entirely defined by an irreducible difference polynomial. By generic se-
quences in these subclasses, we want to exclude any behavior arising, for instance, from repeated
values within the sequence terms, which may require polymorphic D-algebraicity where one of the
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irreducible difference polynomials is rationalizing. The power series coefficients of arctan (which
exhibit repeated zeros) provide one such example, as does the D-algebraic continuation of Bernoulli
numbers discussed in Example 2.14.

Application-wise, we note that rational recursions establish a natural connection to automata con-
struction with rational updates in theoretical computer science [ADD*13, BDSW17].

4.1 Holonomic sequences

Holonomic sequences are solutions to linear recurrence equations with polynomial coefficients in the
index variable. These sequences are ubiquitous in the sciences. One reason may be that they share
similar properties with their generating functions. Some interesting applications can be found in
[BCR24, KP11].

In [TTW24], Worrell and the author proposed an algorithm to convert any holonomic equation
into a rationalizing algebraic difference equation. We revisit this result and complete its proof.
For this part, we replace the field K with K(n) and work on the specialized ring of difference
polynomials Dg(n) = K(n)[c>(s(n))]. This enables us to introduce the index variable n in our
difference polynomials. However, the aim is to derive a difference polynomial p € D, = K[o>°(s(n))]
where the term s(n + ord(p)) appears linearly.

We remind that our focus is on D-algebraic zeros, in the sense that for any rationalizing difference
polynomial p obtained from a holonomic difference polynomial, our interest is on sequence solutions
(s(n))n such that the set {n € N, Z,(s(n)) = 0} is finite. For holonomic difference polynomials,
this is clear, so all their solutions are D-algebraic in Dg(n). However, it requires some more work to
construct a rationalizing difference polynomial in D, from a holonomic sequence. We provide some
ideas of sequences that we would like to avoid in the example below.

Example 4.1. The sequence of power series coefficients of arctan(z), say (a(n)), satisfies the
holonomic equation
ns(n) + (n+2) s(n +2) = 0, (33)

with initial terms a(0) = 0,a(1) = 1 (see [TTK22] and references therein for further details). Using
the algorithm from [TTW24] to convert (33) into a rationalizing ADE (or rational recursion) yields

s(n+1)(=s(n+2)+ s(n)) .

s(n+3) = - s(n+2) + 3s(n)

(34)
However, (a(n))y, is not a D-algebraic solution of this ADE since all its terms of even indices are
zero, forcing its initial to be zero infinitely many times. Nevertheless, starting a sequence solution
of (33) at n > 1 with two nonzero initial terms enables to define a holonomic solution of (33) that
is a D-algebraic solution of (34).

On the other hand, it is relatively simple to deduce a difference polynomial satisfied by (a(n)), by
considering its sequences of zero terms and nonzero terms separately. For the zero terms, given
n € N, and s(n) = 0, we want s(n 4+ 2) = 0, so the equation is simply s(n + 2). For the nonzero
terms, we convert the 2-fold equation (33) in to a 1-fold equation using the change of variables
n—2n+1, s(2n+1) — s(n) (see [TTK22]). We obtain (2n+1)s(n)+ (2n+3)s(n+ 1) = 0, which
we convert into the rationalizing difference polynomial

(s(n+1)+2s(n))s(n+2) + s(n+1)s(n). (35)
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Now we interpret s(n),s(n + 1) and s(n + 2) as s(n),s(n + 2) and s(n + 4), respectively. This
enables taking the index gap with the zero terms into account. Hence (a(n)),, is a D-algebraic zero
of

s(n+2) ((s(n+2)+2s(n))s(n +4) + s(n+2)s(n) + s(n+ 1)), (36)

which can also be written as 02(z) ((0%(x) + 2z)0*(z) + 0%(x)x + 0(x)) € Dy(K, x). The term o ()
(or s(n+ 1)) is added to ensure that only one factor vanishes at every n € N. One can also obtain
this difference polynomial using the “D-algebraic continuation method” exploited in Example 2.14.

Definition 4.2. The holonomic degree of a difference polynomial p € Dg(n) of degree 1 is the
degree of p viewed as a univariate polynomial in n.

When working with holonomic equations or sequences, we often use the word “degree” to refer to
the holonomic degree. The order of the minimal holonomic difference polynomial satisfied by a
sequence is the order of that holonomic sequence.

In Example 4.1, the sequence of nonzero terms is a D-algebraic zero of a second-order rationalizing
difference polynomial. This indicates that these terms can be entirely described by a rational
recursion, despite the zero terms at odd indices. To avoid these case-by-case treatments of zeros of
holonomic difference polynomials, we consider the concept of almost all for sequences defined by
them.

Definition 4.3. Let p € Ds(n) be a holonomic difference polynomial of order /;, and ¢ € Dy of
order Iy, I > I1. Let p = o¥*1(p), where N is the maximum nonnegative integer root of the
polynomial coefficients in p. Let (¢,(n))n>n be the solution of p with symbolic initial terms

Ep(j+N) :Xj S {Xl,...,Xll},

where the X ]’-s are viewed as distinct polynomial variables not belonging to K. We say that almost
all zeros of p are D-algebraic zeros of ¢ if (e5(n))n>n is a generic zero of g.

Note that in Definition 4.3, €,(l1 + 1),...,€,(l2 — 1) are computed using p; and the generic zeros
and D-algebraic zeros of ¢ coincide since the polynomials are free of X;’s. In Example 4.1, we have
N =0, and the corresponding (e(n)),>0 is given by

< X; Xo X1 Xo X7 X Xy Xo X7 Xo Xy )

X17X2a 5

37 2’53’ 7' 4°9°'57 117 613" (37)

One verifies that this sequence can also be generated with (34) using the first three terms. The
purpose of Definition 4.3 is twofold: to highlight the dependence on the first terms and help
demonstrate the non-triviality of the main result from [TTW24].

Definition 4.4. We say that almost every holonomic sequence is a D-algebraic zero of a family of
difference polynomials F, if for any holonomic difference polynomial p, almost all the zeros p are
D-algebraic zeros of some ¢q € F.

Besides excluding particular solutions of holonomic equations, Definition 4.3 and Definition 4.4
also neglect irrelevant difference polynomials satisfied by holonomic sequences. For instance, if a
holonomic sequence satisfies a difference polynomial p € Dy of order [, then it also satisfies the
rationalizing difference polynomial ¢ = o'*2(x)o(p) + p. However, the corresponding symbolic
solution (ep(n))n>n is not a generic zero of ¢, as it is a zero of Z,,.
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Theorem 4.5. Almost every holonomic sequence of order | and degree d is a D-algebraic zero of a
rationalizing difference polynomial of order at most I + d in Dj.

Proof. Let p € Dg(n) be holonomic of degree d and order [. If d = 0, then we are done. For the rest
of the proof, we assume that d > 0. This assumption implies that (s(n)), (as a sequence) does not
vanish any holonomic difference polynomial of order < [ and degree < d. In particular, no constant
coefficient linear recurrence of order <[ is satisfied by (s(n))s.

We look at p and its shifts as polynomials in n such that

d
aj(p):Z’yMnk, j=0,...,d, (38)
k=0

where v, € K[s(n+j),...,s(n+j+1)]. We consider the associated equations for j < d and write
them as follows

d

Z’Yj,knk:—’Yj,O, ]:O7ad_1 (39)
k=1
This is a linear system of d equations in (n,n?,...,n%)”. We claim that the matrix of the system

has a generic full rank due to the shifts involved in the 7;;’s. Indeed, each «;; has the following

form:
!

Vik =Y _Ciks(n+j+i)=Cjr- Siyj, (40)

i=0
where c;; 1, is the constant coefficient of n* in the polynomial coefficient of s(n + j + i) in o7 (p)
i=0,...,01,j=0,...,d=1; Siyj = (s(n+j),...,s(n+j+ )T and Cjik = (Cj.0k>Ci1 ks -1 Cilk)
1

)

Note that all ¢;; ’s are linear combinations of the cg; 1’s, and ¢j; g = cgiq for all j =0,...,d —
Let T'g,...,T'4—1 be the rows of the matrix from (39). Observe that
Fj = (’Yj,h . ,’de) = (Cj71 . Sl+j7 ey Cj,d . Sl-l—j)‘ (41)

The components of the I';’s are all nonzero as they all yield [th-order linear recurrence equations
with constant coefficients.

Let Ao, A1,..., 41 € K(s(n),...,s(n +1+d — 1)) such that Z;l;(l) AjI'; = 0. The latter is a
homogeneous linear system of linearly independent equations in the A’s and can only have the
trivial solution.

To see that, notice that for 0 < j; # jo < d — 1, ¥, x and 7j, ; can be seen as two independent
variables because S;1;, and Si;;, are two linearly independent vectors over K(s(n),...,s(n +1+
d—1)).

Furthermore, one can always find indices 1 < k1 # ko < d such that the constant coefficients c;; i,
and ¢;; k, (appearing in front of s(n+j+1) for some 7) are distinct. This distinction is vital; without
it, the holonomic equation would simplify to a C-finite equation of the same order, contradicting
our hypothesis. This specific characteristic implies that ;x, and v;x, are also effectively distinct
variables, given that they generically represent two linearly independent homogeneous linear forms
in K[s(n+j),...,s(n+1+ 7).

Thus, the homogeneous system in the A’s can be represented by the following matrix:

70,1 Y0,2 -+ Yod
71,1 71,2 oo Nd
M, = . . . (42)
Yd-1,1 Yd-1,2 -+ Yd-1,d
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This matrix M, can be regarded as a square matrix where its d? components are distinct variable
components, such as (1,2, ..., 2s2). Alternatively, and perhaps more naturally, M, can be viewed
as a square matrix whose components are homogeneous linear forms with generic coefficients. In
this perspective, the components within the same column share the same underlying set of variables,
while those of two consecutive columns exhibit an overlapping structure.

Therefore, the determinant of M, is nonzero, implying that \g = Ay = --- = A\g_1 = 0. It is
essential to note that this analysis relies on purely symbolic computation involving shifts of s(n).
The value of |M,,| for a particular numerical value of n is not the primary concern; rather, the focus
is on establishing that |M,| is not the zero-polynomial in K[s(n),...,s(n +1+d —1)].

Hence (39) is non-singular, which implies that for all positive integers k < d, n* belongs to the field
K(s(n),...,s(n+d+1-1)).

Now, let us consider ¢%(p), viewed as a holonomic difference polynomial. We must explain why the
dth shift of the leading polynomial coefficient of p does not vanish when substituting the expressions
of the n*’s. Indeed, if it were to vanish, this would imply that the equations of the linear system
solved to obtain the n* are linearly dependent with the polynomial coefficient of s(n +d+1). This,
however, is impossible because all coefficients of the linear system in (39) are homogeneous linear
forms in K[s(n),...,s(n + 1+ d — 1)], each involving at least two ‘variables’ Such homogeneous
linear forms cannot linearly combine to produce the constant coefficients that are present in the
polynomial coefficient of s(n + d + 1) in o?(p).

Furthermore, the symbolic zero (e,(j))j>n cannot vanish the leading polynomial coefficient of o?(p)
since writing all its terms in terms of X1, Xo, ..., X; and values of n = j, would simply evaluate that
leading polynomial coefficient at j. And since j > N, where N is the maximum nonnegative integer
roots of the polynomial coefficients of p, we can be sure that the leading polynomial coefficient is
nonzero for all j > N.

Finally, since all the n*’s are free of s(n + 1+ d), the resulting difference polynomial is rationalizing
with order at most [ + d in D, and almost every zero of p is one of its D-algebraic zeros. O

Our implementation of the algorithm from the proof of Theorem 4.5 is now part of the DalgSeq
subpackage of NLDE. The corresponding procedure is HoloToSimpleRatrec.

Example 4.6 (Generating Somos-like sequences [Mal92, EZ14]). A Somos-like sequence is an
integral sequence defined with a rational recursion. Using Theorem 4.5, one can generate a Somos-
like sequence as follows:

1. Take a holonomic equation and choose integral initial values such that all the following terms
are also integers. A natural choice is to take an equation of the form

s(n+k+1)=Py(n)s(n)+---+ Pr(n)s(n + k), (43)
Pi(n) € K[n],i =0,...,k, with any set of k¥ + 1 integers for the initial values.

2. Then use the algorithm from the proof of Theorem 4.5 to convert (43) into a rationalizing
difference polynomial.

Concretely, let us take

s(n+3)=ns(n)+ (n+1)s(n+1)+ (n+2)s(n+2). (44)
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We choose the initial values s(0) = s(1) = s(2) = 1. This is A122752 from [ST03]. We have
s(3) = 3. Thus, the sequence defined by (44) and these initial values is an integer sequence. Our
procedure HoloToSimpleRatrec produces the following rational recursion from (44):

1

s(n+4) = Y 5 B Py s e pegr (s(n)s(n +1) +2s(n)s(n+2) + 3s(n)s(n + 3)
+3s(n+1)s(n + 3) + 25(n + 2)s(n + 3) + s(n +3)2).  (45)
|
Example 4.7. Catalan numbers are defined by the formula C(n) = n%rl (2:), and satisfy the

equation (n +2)s(n+ 1) — (4n + 2)s(n) = 0, which is holonomic. Using HoloToSimpleRatrec, we

convert that equation into the rational recursion

2s(n+1) (8s(n) + s(n+ 1))
10s(n) — s(n+1) ’

The above recursion appeared on the OEIS website for A000108 in 2006.

A noteworthy observation emerges from the geometrical view of Theorem 4.5. For the present
example, with K = R, let us consider the surface defined by

He = {($,y,z),R3:z(x—|—2)—y(4$+2):0}. (47)

s(n+2) = (46)

This encodes the holonomic equation of Catalan numbers. On this surface, Catalan numbers are
the points P, := (n,C(n),C(n +1)),n € N. For the D-algebraic representation, we consider

Hy = {(w,y,2), RS2 (100 — y) — (82 +y) = 0}, (48)

where Catalan numbers are the points P, = (C(n),C(n +1),C(n + 2)),n € N. It turns out that
Hc and H{ intersect on a curve surrounded by the points P, and P}, with P; = Pj on it. The
projection of the algebraic variety thus defined onto the xy-plane is given by the curve

Co = {(x,y),]R2:y(x—|—1)—2:v(2$—1):0}. (49)

Figure 1 illustrates this geometry from the first octant of the zyz-space.

Figure 1: A geometric view of Theorem 4.5 for Catalan numbers.
H¢ is in red, H¢ in blue, and Ce is in magenta.
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Further study is needed to elucidate the connection between such varieties and their related holo-
nomic sequences. n

4.2 (C*-Finite sequences

A C-finite sequence solves a linear recurrence equation with constant coefficients. A C2-finite
sequence is a solution to a linear recurrence equation with C-finite term coefficients [JPNP23].
As in the differential case with D?-finite functions, C?-finite sequences are D-algebraic. A “slow”
Groebner bases-based implementation for computing ADEs from C?-finite sequences is provided
in our package under the name CCfiniteToDalg. The approach is similar to that of D?-finite
functions as described in [TT23]. However, in this subsection, we establish a result similar to
Theorem 4.5 for this class of sequences. This result can also be seen as a consequence of the result
from [CDBMP23|.

As in the previous subsection, the concept of “almost every” can also be defined. However, for
this part, we only concentrate on the algebraic manipulations. Before stating the main result, let
us illustrate the idea on a generic first-order C?-finite sequence with second-order C-finite term
coefficients.

Let (s(n)), be a first-order C2-finite sequence with C-finite coefficients (c1(n)),, and (co(n)),, such
that

c1(n)s(n+1) 4+ co(n) s(n) =0, (50)
ajjci(n+1)+aipoci(n) =ci(n+2), agico(n+1)+aggco(n) =co(n+2) (51)

where «; ; € K, 4,j € {0,1}. In what follows, we assume that denominators in rational expressions
are nonzero for some integers n within the domain of interest.

Our idea is to eliminate the ¢;’s from the shifts of (50) by incremental substitution. We start by
eliminating ¢1(n) and its shifts. From (50) and its first shift, we have

() — 0l s()

co(n+1)s(n+1)
s(n+1) "’ ’

aln+1)=- s(n+2)

(52)

We now proceed with the elimination of ¢g(n). We consider the second shift of (50) with the
corresponding substitutions using (51) and (52). We obtain

s(n+1) (s(n +2)%ap1 — s(n+1)s(n +3) al,l) co(n+1)
s(n+2) (s(n+1)s(n+2)ago — s(n) s(n+3) 1)

co(n) = — (53)
Given that all shifts of C-finite coefficients can now be written as rational multiples of c¢o(n + 1),
it follows that their substitution in the third shift of (50) yields the product of c¢o(n + 1) and a
rational expression in the shifts of s(n), in which s(n + 4) appears linearly. Hence, after canceling
co(n 4+ 1) we deduce the desired recursion:

4 _N‘_ P
sn+4) =5 = D(s(n),...,s(n+3))’

where

N=—s(n+3) (—s(n +2)s(n)s(n+3) 043,1@1,0 +s(n+1)?s(n+ 3) agoao i1 (54)

+s(n+2)%s(n+1) O‘(2),O —s(n+2)s(n)s(n+3) a070a170) )
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D=s(n+ 2)2 s(n) apa1000,1 — s(n+2) s(n + 1)2 00,00&1

—s(n+2)s(n+1)> agparo + s(n+ 1) s(n) s(n + 3) af .
This suffices to prove our following proposition.

Proposition 4.8. Almost every first-order C?-finite sequence with second-order C-finite term co-
efficients is a D-algebraic zero of a rationalizing difference polynomial of order at most 5.

Note that if some of the coefficients in the C?-finite equation are nonzero constants, then in the
third shift of that equation, not all C-finite coefficients (including constants) would be expressible
as a rational function in the shifts of s(n) multiplied by some ¢;(n + 1), i € {0,1}. Therefore, one
more shift would be required to find the rational recursion. This explains why the bound is 5 and
not 4.

Example 4.9. We take (c1(n)), as a solution of the Fibonacci recurrence equation, and (cy(n)),

defined with the recursion co(n+2) =2co(n+1)+3co(n). We have ;1 = a0 =1, ap1 =2, and

app = 3. Using (54) and (55), we deduce the rational recursion

s(n+3) (68(71 +3)s(n+1)% = 7s(n+ 3)s(n) s(n+ 2) + 9s(n + 2)? s(n + 1))
s(n+3)s(n+1)s(n)+2s(n) s(n+2)* = 6s(n+1)* s(n + 2)

s(n+4) =—

(56)

The Grobner bases method implemented in CCfiniteToDalg returns this same equation in about
85 seconds in CPU time. [ |

Let us now present the general algorithm. To simplify notations, we assume that the input data
can be updated within the algorithm.

Algorithm 2 C?finite to D-algebraic rational recursion

Input:

« C%finite equation (p) : co(n)s(n) + -+ ca(n)s(n+1) =0,1> 0.

o C-finite equations (g;) : ¢;(n+7;) = aioci(n)+---+aj,, _1c(n+r;—1),5 € {0,... 1}
Output: A rationalizing difference polynomial of order at most [ + Eé’:o rj in Dy,

1. Set r; =1, — 1, unless some r; = 0 and ¢;(n) # 0.

2. For each 7, 0 < 5 < do:

2.1. Foreach k, 0 <k <r; — 1, do:
2.1.1. ¢j(n+ k) == solve((p), ¢cj(n + k)). //root of a univariate linear polynomial.

2.1.2. (p) = a((p));
2.1.3. Update (p) and the (g;), 0 < i <, by substituting c;(n + k) as solved.

3. Letr =1+ Zé’:o Tj.

4. Return “s(n + r) = solve((p), s(n + r))” or its associated difference polynomial.
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Theorem 4.10. Almost every C?-finite sequence of order | with C-finite term coefficients of order
ri,j = 0,...,1, is a D-algebraic zero of a rationalizing difference polynomial of order at most

l + Z‘lj:() Tj.
Proof. This is a consequence of the correctness of Algorithm 2, which might be detailed as follows.
o Bach ¢j(n+k),0<j<I[ and 0 <k < rj, is eliminated in step 2.1.1. of Algorithm 2.

 This elimination enables the replacement of all appearances of ¢;j(n + k) from the (g;), (p),
and all ¢;(n + k;) that are already eliminated.

o Therefore, when the loop in step 2 ends, each c;(n + k)’s on the right hand side of each
C-finite equation (g;) is a rational expression of shifts of s(n), unless all r; > 1, in which case
ci(n+r; — 1) does not need to be expressed as a rational expression of shifts of s(n).

o The number of shifts applied to (p) is exactly r =1+ Eé’:o rj, with r; potentially updated in
step 1. In this shift of (p), one of the factors is a rationalizing difference polynomial in which
s(n 4 r) appears linearly.

O]

Remark 4.11.

e As explained in the first-order case, in Algorithm 2, when some C-finite term coefficients are
nonzero constants, i.e, r; = 0 and ¢;(n) # 0, all ¢j(n+ k), 0 < k < r; have to be expressed
as rational expressions of shifts of s(n), and in this case the order of the output is exactly
[+ Zé‘:o rj, where 7; is not updated in step 1.

e The arrangement of the C-finite term coefficients in the input is irrelevant for the algorithm:
Interchanging the indices 7 and j > i to eliminate c; before ¢; in the list of C-finite coefficients
does not affect the correctness of the algorithm.

o Theorem 4.10 is also another proof of Theorem 4.5 since every holonomic sequence is C?-finite
as every polynomial satisfies a C-finite equation.

e The elimination in Algorithm 2 shares similarities with the linear algebra computations high-
lighted in [JPPS20, Section 4]. This suggests that the resultant approach from that paper
always leads to a rationalizing differential polynomial.

We implemented Algorithm 2 as CCfiniteToSimpleRatrec. The latter is much more efficient than
CCfiniteToDalg. The crucial advantage of Algorithm 2 is that it does not use Grobner bases.
We also observed that when CCfiniteToDalg completes its computations in a reasonable time, its
output corresponds with that of CCfiniteToSimpleRatrec.

The approach used in CCfiniteToDalg requires that ¢;(n) # 0 for sufficiently large n. This condi-
tion is satisfied when (¢;(n))y, is non-degenerate [BM76]. This means that subsequences of (¢;(n))n
indexed by arithmetic progressions are not C-finite of orders lower than r; [BM76, Met00]. In
the general case, however, the proper definition of a C?-finite sequence is subject to answering
the Skolem problem [OW12] for the leading C-finite term coefficient. Note that this constraint
highly depends on the choice of initial values: the sequence ((—1)" — 1), satisfies the recur-
rence s(n + 2) — s(n) = 0 and has infinitely many zeros; however, the sequence (2 (—1)" — 1),
satisfies the same recurrence equation but has no zero. In the following example, we use

23



CCfiniteToSimpleRatrec to compute a rational recursion satisfied by a C?-finite sequence for
which two not-necessarily-equal solutions of s(n + 2) = s(n) appear within the coefficients of its
equation.

Example 4.12. Consider a C?-finite sequence (s(n)),, solution of
u(n)s(n) +2s(n+1)+v(n)s(n+2) =0, (57)

where (u(n)), and (v(n)), are two not-necessarily identical solutions of s(n + 2) — s(n) = 0. This
includes the result of [JPNP23, Example 4.1]. Executing the following code yields the result in
0.031 second in CPU time.

> with(NLDE:-DalgSeq); #loading the subpackage DalgSeq from NLDE
> CCfiniteToSimpleRatrec(u(n)*s(n) + 2*s(n + 1) + v(n)*s(n + 2) = 0, s(n),
[uta + 2) -~ u@ =0, via +2) - v(n) = 0], [u(@, v])

s(n+5)s(n+4)s(n) —s(n+5)s(n +2)2 — s(n+4)%s(n + 1) + s(n + 4)s(n + 3)s(n + 2) .

6) =
o) S+ 8)3() —s(n + Do+
Our CCfiniteToDalg command gives the same result (in the difference polynomial form) in 89.438
seconds in CPU time. We provide the syntax of the code without output below to highlight the
differences in syntax between the two procedures.

> CCfiniteToDalg(u*s(n) + 2*s(n + 1) + v¥s(n + 2) = 0, s(n),
[un + 2) —u@) =0, vin + 2) - v(n) = 0], [u(@), v@1):

Here, the C-finite term coefficients do not appear in the C?-finite equation with the index variable.
A full documentation of these commands is provided at https://t3gula.github.io/NLDEdoc/
DalgSeq-Commands—-and-Examples.html. |

5 Subsequences

Recall that a subsequence of a sequence (s(n)), is a sequence (t(n)), such that t(n) = s(y¢(n)),
where ¢ is a strictly increasing embedding of N. Thus, to find a difference polynomial p that vanishes
at (t(n))n, we need an endomorphism & that sends s(p(n)) to s(p(n + 1)), i.e., the minimal gap
between the orders of two difference monomials in p is §5 = minyen{@(n + 1) — ¢(n)} and not the
usual n + 1 —n = 1. This section focuses on the case where ¢(n) = dn. This is the nth term
formula of an arithmetic progression of common difference d with initial term 0. What makes this
case rather natural is that all order gaps are multiples of the common difference d, and here we
have §3 = d. This implies that, assuming x occurs in p, we may write p as follows:

p(z, Ud(ac), 02d(:1:), Ugd(a:), . ,odk(x), ce)e (58)

The desired endomorphism is thus defined by & = % The core idea of our next theorem is

to exploit the flexibility in choosing the endomorphism during the construction of the dynamical
system (M) from (20). Since the sequence is assumed to be D-algebraic, no further assumptions
are required to avoid zero divisors. This is because the defining difference polynomial inherently
accounts for the specific indices of the subsequences, thereby ensuring the relevant denominators
in the systems are nonzero.

Theorem 5.1. Let d be a positive integer. If (s(n))nen is D-algebraic then so is (s(dn))nen-
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Proof. For cleaner formulation, we will use the following iterative notation:
For N variables z1,...,xxy and a function f in N variables, we write

T1,X2y..., TN :&i’
FF@), f@), . flan)) = £ (f(@),)
F(F(@2), flws), s fan) = f (flmim),) = f (F@isn),) -

Let 6 = 0% and p € D,(x,x) of order r such that
p(s(n)) =0, for all n € N.

Define
Yy =, y2:U($),---7yd:Ud_1($>- (59)

Let r1,79 be the quotient and remainder of the Euclidean division of r +1 by d: 7+ 1 =dr; 4+ ro.
We can rewrite

p(z,o(z),...,0"(x)),
p(y17y27 ce 7yd7&(y1)7 &(yQ)v s 76“ (y1)7 "t (y2)7 s 75r1 (yTo))‘ (60)

The latter is a multivariate difference polynomial in

D&(Kv {y17y27 s 7yd})'

Our aim is to eliminate the difference indeterminates y;, j > 1. To do so, we build a radical-rational
dynamical system and apply Algorithm 1. This will yield a univariate difference polynomial in 3
that has (s(dn))nen as a zero. Let m be the degree of ¢"(x) in p and R, be the rational expression
obtained by solving p = 0 for (¢"(x))™. Let y;;,4=1,...,d, j =0,...,r1 be new indeterminates
such that

yi,O :yi,i: 1,...,d,

7(Yij) =Yij+1, i =1,...,d, j=0,...,m1 =2,
&(yi,Tlfl) = Yiry, 1= 13---77”0 - 17

(NT(yTO,rl_l)m = Rp (@i’jy(}(ym,m—l)) )

G (Yrg+km—1)" = Rp (yi>kz,047 Yinj#0; > &(yro<i<r0+k,r1—1)4) : (65)

k=1,...,d—rg

and

& (W)™ = Rp(Yizd—rotho;: Yito, 30 Wroigrothr) 0 (Yishr) ).

1 ) (66)
kzl,...,’l"o—l.

The equations in (62)—(66) define the desired dynamical system together with the output equation
z = y170. O
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Proposition 5.2. Let d be a positive integer. If (s(n))nen is D-algebraic of order v in D, (K, z),
then (s(dn))nen is D-algebraic of order at most r in D,ya(K,z). In other words, (s(dn))nen is
D-algebraic of order at most dr in Dy(K, x).

Proof. The proof reduces to determining the dimension of the dynamical system obtained in the
proof of Theorem 5.1. Indeed, we have

(r1 — 1)d equations from (62), (67)
ro — 1 equations from (63), (68)
1 equation from (64), (69)
d — ro equations from (65), (70)
ro — 1 equations from (66), (71)
which give a total of
dri+ro—1l=r+1-1=r, (72)
representing the dimension of the dynamical system and the order of (s(n)),,. O
Example 5.3 (Illustrative example: 7 = 4,d = 3). We have r; = 790 = 1, 6 = 0> and
p = p(z,0(x),...,0%x)). We build our dynamical system with the difference indeterminates
Y1,0,%2,0,¥3,0 and y1,1. This yields
a(y1,0) = y11
& (y2,0)™ = Rp(Y1,0,¥2,0,¥3,0, 1,1, 5 (42,0))
(y3,0)™ = Rp(y2,0,Y3,0, 1,1, (y2,0), 5 (y3,0)) : (73)
6(y1,1)™ = Rp(y3,0, 1,1, (¥2,0),6(y3,0), 5 (y1,1))
2 =1Y1,0
|

Remark 5.4. The recurrence equation of the subsequence need not be written in the same differ-
ence ring as the equation of the original sequence. In Theorem 5.1, both (s(n))nen and (s(dn))nen
are zeros of the constructed difference polynomial of order dr in D, (K, z), but (s(n)), is generally
not a zero of the corresponding difference polynomial of order r in D,4(K, x). This is illustrated in
the next example.

Example 5.5 (Explicit example: Catalan numbers at (3n),en). In Section 4.1, Example 4.7, we
used the implementation from [TTW24] to convert the holonomic equation of Catalan numbers
(C(n))nen to the recursion

2s(n+1) (8s(n) +s(n+1))

s(n+2)= 105(1) — s(n 1 1) = Ry(s(n),s(n + 1)), (74)

with p = (102 — o(z))o?(x) — 20(x)(8 + o(x)). Thus, the corresponding dynamical system in
D5(K, ), with & = 03, is given by

_ 2(16y1,0—¥2,0)(8y1,0+¥2,0)¥2,0

0'(?/1,0) — (Ty1,0—¥2,0)(10y1,0—¥2,0)

~ _ 4(16y1,0—¥2,0)(8y1,0+¥2,0)¥2,0(8¥1,0—¥2,0) . (75)
(20) = “oyr0—v2.0)(Tyr0—v.0) Wyr0-420)

Z2=1Y10
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We obtain the equation

3435973836805 (n)3s(n+1)3—690046894085(n)3s(n41)%s(n+2) +42748231685(n)>s(n+1)s(n+2)?
— 83243160s(n)>s(n + 2)% — 1258291200s(n)?s(n + 1)* + 266514432s(n)%s(n + 1)3s(n + 2)
— 26883000s(n)%s(n 4 1)%s(n + 2)? + 1043658s(n)%s(n + 1)s(n + 2)* — 122880s(n)s(n + 1)°
— 101544s(n)s(n 4+ 1)1s(n + 2) + 65067s(n)s(n + 1)3s(n + 2)* — 4113s(n)s(n + 1)%s(n + 2)3
+ 1400s(n + 1)5 — 30s(n + 1)°s(n + 2) — 75s(n 4+ 1)s(n + 2)2 + 5s(n + 1)3s(n +2)3 = 0. (76)

One verifies that (C(n)), is not a solution of (76). Note that higher-order equations may be
obtained here. Indeed, (C'(3n)), is holonomic of order 1 and degree 3 and therefore satisfies an
L.h.s. algebraic difference equation of order at most 4 by Theorem 4.5. Our Groébner bases method
from [TTW24] yields an equation of order 3. [

This result suggests a potential bridge between difference algebra and classical acceleration tech-
niques. As shown in [BDGB83]|, the careful selection of subsequences can effectively accelerate
convergence. For D-algebraic sequences, this indicates the possibility of developing acceleration
techniques based entirely on algebraic computations.
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